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ABSTRACT. The main results determine the Goldie dimension of superfluous sub-
modules of semiprime left Goldie rings and apply this to the study of quasiprojective
covers of torsion free modules. Conditions are given to guarantee that a quasiprojec-
tive cover of a torsion free module is an isomorphism. A class of nonperfect rings is
given such that finitely generated singular modules possess quasiprojective covers.

Introduction. In their groundbreaking paper [20], Wu and Jans introduced the
notions of a quasiprojective module and a quasiprojective cover. These generalized
the classical concepts of a projective module and a projective cover (see [5]). Since its
introduction, the study of quasiprojective modules has been pursued with some
degree of success (see [3,8,11,12,19]). However, except for [12], which describes
perfect rings in terms of quasiprojective covers, little attention has been given
quasiprojective covers. They wait, as it were, for the study of quasiprojectives to bear
sufficient fruit. The purpose of this paper is to examine the structure of quasiprojec-
tive covers over various rings. In fact, most of our results demonstrate that
quasiprojective covers over certain rings are projective covers over quotients of these
rings. Thus, an examination of projective covers and superfluous submodules of free
modules is to be expected. Ultimately, we give sufficient conditions on a ring which
guarantee every finitely generated left singular module possesses a quasiprojective
cover (Corollary 3.4). Moreover, conditions on a semiprime left Goldie ring are
given which imply a quasiprojective cover of a torsion free left module is an
isomorphism (Corollary 3.16).

0. Definitions, notations and conventions. The word ring will mean an associative,
not necessarily commutative, ring with unit. The word module will mean a unital
module with scalars written on the left. The symbol R will always be a ring and M
will always denote a left R-module. If R is an order (left and right) in an Artinian
quotient ring Q, a left R-module M is said to be torsion free if the canonical map of
M into Q ®, M is a monomorphism. The kernel of this map is called the torsion
submodule of M, and is denoted #(M). Define an R-submodule N of M to be
superfluous in M (N < M) iff for R-submodules X of M, N + X = M implies
X = M. The symbol Q will always mean an Artinian ring.

DEFINITION. Let M and N be a pair of left R-modules.
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(1) M is projective relative to N (or M is N-projective), iff Hom (M, ) is exact
with respect to sequences of R-modules of the form

0-X->N->Y-0.

(2) M is called quasiprojective iff M is M-projective.

(3) The exact sequence of R-modules M — N — 0 is a projective cover of N over R
(or briefly, a projective cover), iff M is a projective R-module and the kernel of the
map M — N is superfluous in M.

(4) The exact sequence in (3) is a quasiprojective cover of N over R (or briefly, a
quasiprojective cover), iff M is a quasiprojective R-module, the kernel k of the map
M — N is superfluous in M, and for nonzero submodules L of k, M/L is not a
quasiprojective R-module. This last condition guarantees a quasiprojective module is
its own quasiprojective cover.

Throughout the text, C denotes a Noetherian commutative ring where the localiza-
tion of C at the set of regular (i.e. nonzero divisors) elements of C is a commutative
Artinian ring. This localization will always be denoted by K. Because most of our
results are trivial for the case C = K, it will always be assumed that C has at least
one ideal which is not an ideal of K.

For a ring R and a nonzero module M, the following conventions hold: M(“) is the
direct sum of a copies of M for cardinals a; for x in M, /(x) is the left annihilator of
x in R; C(R), J(R), N(R) denote respectively the center, Jacobson radical, and
nilpotent radical of the ring R.

Define the R-rank of a left R-module M (R-rank(M)) to be the length of the
Q/N(Q)-module Q/N(Q) ®r M. If the length is unbounded, we say that M has
infinite rank. By the exactness of Q/Ny(Q) ® -, R-rank is additive over short exact
sequences.

Two facts frequently used are:

0.1)“If N< M, and f: M - Lis an R-module map, then f(N) < L.”

(0.2) “Let P(M) be the class of modules N such that M is N-projective. Then
P(M) is closed under submodules, quotients and finite direct sums.” (Proposition
16.12 of [1].)

1. Superfluous submodules of free modules and projective covers over semiprime
rings. Let R be an order in a semisimple Artinian ring Q, and let F be a free
R-module. Let L be a submodule of F. The aim of this section is to determine the
rank of L if L is a superfluous submodule of F. This information is then applied to
projective covers over R.

Recall that one version of Nakayama’s Lemma states that finitely generated
submodules of J(R)F are superfluous in F. The following lemma shows the converse
to be true.

LEMMA 1.1. Say R is a prime ring (i.e. Q is a simple ring). If L C F and L has
infinite R-rank, then L is not superfluous in F.

PROOF. Assume that L and F have infinite R-rank. The objective is to construct an
M such that M + L = Fbut M # F.
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By (0.1), it suffices to assume that F is free on a countable basis. Let B denote this
basis. Consider L, F and B as subsets of @, _, Qb = QF. Let QL be the Q-submod-
ule of QF generated by L. Index B with the positive integers.

Because L has infinite rank, L is not contained in Qb,. Since Q is simple, one may
pick a summand of QL which is isomorphic to Q, and disjoint from Qb,. Let y,
generate this summand. Because L is an essential submodule of QL, there is a
regular element ¢, of R such that ¢, y, is an element of L. Notice that /(¢,y,) = (0)
since Qc,y, = Qy, = Q.

Assume there are y,,...,y, € L and regular c,...,c, € R with Qy, N [Qb,
+--+0b,+ 0y, +---+0Qy,_,]=(0)and Qy, ® - - - ©Qy, C QL a free Q-mod-
ule on (y,,...,y,). Further assume that ¢, y,,...,c,y, are elements of L. Notice for
=10, 1g(c;y;) Clg(e;y) = lo(e; ) = (0).

Because L has infinite rank, QL is not contained in Qb, + -+ +Qb, ., + Qy,
+ ---+Qy,. Since Q is simple, one may choose a submodule of QL which is
isomorphic to Q, and disjoint from Qb, + --- +0b,,, + Qy, + --- +Qy,. Lety, .,
be the generator of this free submodule of QL. Because L is an essential R-submod-
ule of QL, there is a regular element ¢, , , of R such thatc,,,y,,, € L. Sincec,, | is
a unit of Q, Ig(¢,+1Y41) C lo(¥,41) = (0). Continue. To ease notation, let x; = ¢y,
fori=1,2,....

Let M = R(b, + x,) + R(b, + x,) + ---. Then L + M = F since this sum con-
tains B, the basis of F.

Claim. M does not contain the element b,. If so, then b, =r(b, + x,)
+ .- +r,(b, + x,) for some elements r,,...,r, of R. Assume that n 7 0 is minimal.
This will produce a contradiction since then r,x, is an element of [Rb, + - -+ +Rb,
+ Rx, + --- +Rx,_,] N Rx, = (0). Thus r,x, = 0 implying r, = 0 by our choice
of x,. This contradiction to the minimality of » implies M 7 F and this in turn
implies L is not a superfluous submodule of F. O

COROLLARY 1.2. Let R be semiprime (i.e. Q is semisimple Artinian), and let F be a
free R-module. Let L be a submodule of F. If L is superfluous in F then L has finite
R-rank. In particular, if R is a Noetherian ring, then L < F iff L CJ(R)F and L is
finitely generated by R.

ProOOF. By the Wedderburn Theorem, write Q = Q, X --- XQ, where Q, is a
simple Artinian ring for i = 1,...,¢. Let B be a basis for F over R. For R-submod-
ules X of QF = @, _, Qb, let QX be the Q-submodule of QF generated by X. Also,
let X; denote the canonical projection of X into the free Q-module ®,_, Q,b C QF.
Thus, it is easily verified that R is a subring of R, X --- XR,, and for R-submodules
X of QF, X is a submodule of X; ® --- ®X,. Notice that R, is a prime ring for
i=1,...,t

Say L < F. By (0.1), L, < F; for i = 1,...,t. Finally, F;is a free R,-module since F,
is merely @, _; R;b. Hence, each L, has finite R-rank which implies L has finite
R-rank.

In particular, if L < F and L has finite rank, then L is contained in a finitely
generated free R-module. Because R is Noetherian, L is a finitely generated
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R-module. A short exercise places L in J(R)F. The converse is Nakayama’s Lemma,
so the proof is complete. [

Knowledge of the superfluous submodules of free modules permits one to prove
the following results.

THEOREM 1.3. Let R be semiprime, and M a left R-module. If M possesses a
projective cover over R then there are projective R-modules F, F' and a finitely
generated module M’ such that M’ has a free cover over Rand M ® F=M' ® F'. In
particular for Noetherian R, the torsion submodule of M is finitely generated.

PROOF. Let P> M — 0 be the projective cover of M. There is a projective

R-module F such that P @ Fis a free R-module. By 1.2, there are free submodules
F” and F’ of P ® F with F” finitely generated, kerm C F”, and F" ® F' = P © F.
Then

MO®F=(P®F)/kerm=(F"® F)/kerm = F'/kern ® F'.

Setting M’ = F” /ker = produces the stated result since ker 7 < F”’.
In particular, if R is Noetherian, then the torsion submodule of M is a submodule
of M’. Thus ¢(M) is a finitely generated R-module. This completes the proof. O

THEOREM 1.4. Let R be any ring such that N(R) is T-nilpotent and R/N(R) is a
semiprime Goldie ring. Say P — M — 0 is a projective cover over R. Then M has finite
R-rank iff M is a finitely generated R-module.

PROOF. One induces a projective cover over R/N(R) by defining
P/N(R)P 5 M/N(R)M = 0

to be the sequence induced by P IMm-o. By (0.1), ker 7 is a superfluous R-sub-
module of P/N(R)P. Since R/N(R)-submodules of P/N(R)P are R-submodules,
ker 7 is a superfluous R/N(R)-submodule of P/N(R)P. Because rank is additive
over short exact sequences, rank( P) = rank(ker 7) + rank(M).

Assume that the R-rank of M is a finite integer. By the equality above and 1.2,
rank(P) is finite. Because P/N(R)P is a projective R/N(R)-module, P/N(R)P is a
finitely generated R-module. Since N(R) is T-nilpotent, N(R)P < P as R-modules
[S]. Thus, P is a finitely generated projective R-module. Consequently, M is a finitely
generated R-module. The converse is clear, so the proof is complete. O

Theorem 1.3 can be thought of as a reduction to the case of finitely generated
projective covers. In fact, more is true.

COROLLARY 1.5. Let R be an order in a semisimple ring Q. The following are
equivalent:

(1) The torsion free R-modules with projective covers are the projective R-modules.

(2) The torsion free R-modules of finite rank are the finitely generated projective
R-modules.

(3) The torsion free finitely generated R-modules with projective covers are the
finitely generated projective R-modules.
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PROOF. (1) = (2) = (3) is clear.

3)=(1). LetP LM-0bea projective cover of a torsion free R-module. By 1.3,
M is a summand of M’ @ F’ where F’ is a projective R-module, and M’ is a finitely
generated R-module with a free cover. The hypothesis shows M’ is a projective
R-module and this implies M is a projective R-module. [

Note. If R is a semihereditary order in a semisimple Artinian ring Q, then R
satisfies 1.5(2). Therefore 1.5(1) holds as well. For hereditary orders, stronger
statements are possible.

COROLLARY 1.6. Let R be a semiprime ring. The following are equivalent:
(1) R is a left hereditary ring.

(2) Submodules of projective left R-modules have projective covers.

(3) Submodules of projective R-modules are quasiprojective.

(4) For left ideals I of R, and cardinals ¢, I'°) is a quasiprojective module.

PROOF. Let I be a left ideal of R and let I’ be the direct sum of countably many
copies of 1. Then I is a submodule of the projective R-module R,

1 = 2. If R is left hereditary, the result is clear since submodules of projective
modules are projective.

2 = 1. If every submodule of a projective module has a prolectlve cover, then 149
has a projective cover P, =19 - 0. Also, I has a projective cover P — I — 0.

Claim. 1t suffices to prove P, = P, If so, then ker m, = (ker 7)'*) is a superfluous
submodule of P,. By 1.2, ker m, has finite rank while (ker 7)') has infinite rank if
ker 7 is nonzero. Thus ker 7 has rank zero. Because ker 7 is torsion free, ker 7 = (0).
Our choice of I was arbitrary, so R is a left hereditary ring.

To show P, = P{“), observe that by uniqueness of the projective cover P S1- 0,
one constructs a chain of submodules of P, P C PP C --- C P,, P ® X, = P,.
(Py — I - 0 is projection into the first coordinate of 1 so P, = P & X,. But X,
may be mapped onto the second copy of I in I so X; = P @ X,. Continue.)
Therefore, P¢) is a submodule of P,. Furthermore, given an element x of 19, there
is an integer n such that x is contained in the first n copies of I in 1¢). By the
construction of the chain, there is a y in P C P, which maps onto x. Then
P‘) + ker my = P,. Therefore P, = P(“) and by the claim, the proof is complete.

1 =3 = 4isclear.

4 = 1. Let I and I’ be left ideals of R such that I @ I’ is an essential left ideal of
R. Then I @ I’ contains a copy of R. (I ® I’ contains a regular element of R by [6].)
By hypothesis and (0.2), I ® I’ is R‘“-projective for every cardinal c. Thus I ® I’ is a
projective R-module. One easily follows. O

COROLLARY 1.7. Let R be an order in a semisimple ring Q. The following are
equivalent:

(HDR=0Q.

(2) Q has a projective cover over R.

(3) Every torsion free left R-module has a projective cover over R.
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PROOF. (1) = (3) = (2) is clear. To prove (2) = (1), let P - Q — 0 be the projec-
tive cover in (2). By 1.3, Q is a summand of M’ @ F’ where F’ is a projective
R-module and M’ has a free cover over R. Then Q = (Q N M") & (Q N F’) since Q
is an injective R-module. For the same reasons, M’ = (Q N M') ® M” and F’ = (Q
N F) ® F” for some R-modules M” and F”. So Q N M’ is a finitely generated
R-module and Q N F’ is a finite rank projective R-module, i.e. Q N F’ is a finitely
generated R-module implying Q is a finitely generated R-module. By Lemma 1.29 of
[6], R = Q. This completes the proof. [

Theorem 1.5(2) does not hold for every semiprime left Goldie ring. Indeed, if R is
the subring of 2 X 2 matrices over the integers localized at p consisting of matrices
(a;;) with a;; = a,, (mod p), a), =0 (mod p), and a,, € Z, for some prime p of Z,
then R is a local ring and has a simple Artinian quotient ring Q. Note that there are
rank one torsion free R-modules with projective covers. (R is semiperfect [S].) These
R-modules are not projective since projective R-modules are free. Therefore, an extra
hypothesis on the ring R is necessary. The next section gives conditions on a
semiprime left Goldie ring which imply 1.5(2).

2. Pomo-C-algebras and projective covers. For this section C is a Noetherian
commutative ring with Artinian quotient ring K. Also, R is a C-algebra. One says R
is finitely generated by C iff R is a finitely generated C-module and R is a torsion
free C-algebra iff R is a torsion free C-module. At all times, C # K. If C is
semiprime, then its integral closure in K is hereditary.

Given a multiplicatively closed subset S of the regular elements of C and a
C-module X, let S™'X = S~'C ® X where S~'C is the subring of K generated by C
and {s™': s € S}. Then S~'C is isomorphic to the classical localization of C at S.

DEFINITION 2.1. The C-algebra R is a pomo-C-algebra iff R is a finitely generated
torsion free C-module.

Note that C may be taken as a subring of the center of R. Hence, this
identification will be made throughout this section.

A pomo-subring is an order in an Artinian K-algebra. To see this, note R may be
identified with its image in K ® R since R is a torsion free C-module. Since R is
finitely generated by C, K ®cR is finitely generated by K. Thus K ®-R is an
Artinian K-algebra. At all times, we will denote this K-algebra by Q. Because regular
elements of C are regular in R, we have Q a quotient ring of R. If we identify R with
its image in Q, then Q = KR: the K-submodule of Q generated by R. It is then easily
shown that N(R) = N(Q) N R and R/N(R) is an order in Q/N(Q).

Examples of pomo-C-algebras are C-orders where C is a Noetherian integral
domain (see [13]), and subrings of finite dimensional semisimple algebras over the
rationals (see [2]).

Actually, the prefix “pomo” is an abbreviation for “subring of a product of
maximal orders.” Thus

PROPOSITION 2.2. Let R be a pomo-subalgebra. Then there is a finitely generated
C-subalgebra @ of Q/N(Q) containing (R + N(Q))/N(Q)=R/N(R) and Q is a
maximal order in Q/N(Q).
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PRrROOF. It suffices to assume N(R) = (0). By the Wedderburn Theorem, write
Q=0Q, X -+ XQ, where Q, is a simple Artinian K-algebra. Let e, be the central
idempotent of Q corresponding to Q, (i.e. Qe; = Q; and e, is an element of C(Q)).
Then R is a subring of the pomo-C-algebra Re; X - -- XRe,. By convention, C is a
subring of R, so C is a subring of Ce, X --- X Ce, and Ce, is a subring of C(Q,).
Thus, each Ce, is a Noetherian integral domain. Since R is finitely generated by C, it
follows that Re, is a Ce-order in the simple finite dimensional Ke,-algebra Qe; (see
(13)).

Apply Theorem 10.4 of [13] which states that every such Ce-order is contained in
a maximal Ce-order Qe; of Q,. Then & = Qe, X - -+ X{e, is a maximal order in
Q =0, X---XQ,. Because Q is a K-algebra, @ is a pomo-C-algebra. Finally, £
contains R since e, D Re, fori = 1,...,t. This completes the proof. [

Notice that for each finitely generated C-module M of Q there is a regular element
¢ of C such that M =cM C R. Also notice that the example following 1.7 is a
Z,-order. (Z, is the integers localized at the prime ideal pZ.) Therefore, being a
pomo-C-algebra does not guarantee that 1.5(2) holds. However, the next property is
sufficient.

DEFINITION 2.3. Let R be a semiprime pomo-C-algebra. Then R has enough
primes of C iff there exists a multiplicatively closed subset S of the regular elements
of C such that S™'R C Q is a semihereditary Noetherian ring, and S~'J(R) C
J(S7'R). (§7'X = S7'C ® X where S7'C is the usual localization of C at S.)

REMARK. Assume there exists a maximal order © of Q and a regular element ¢ of
C as in 2.2, Further assume there is a prime ideal I # (0) of C not containing c.
Then R has enough primes of C if we set S equal to the regular elements of C not
contained in /. In this case it is well known that S is multiplicatively closed. Simple
computation demonstrates S ~'cQ = S~'R = §~'Q, which is semihereditary by [13].

Also note that for this choice of S, S~Y(R) C J(S™'R) since maximal left ideals
of S7'R are in one-to-one correspondence with the left ideals of R/IR (see [4]).

THEOREM 2.4. Let R be a semiprime pomo-C-algebra, and say R has enough primes
of C. Then the finitely generated torsion free R-modules with projective covers are the
finitely generated projective R-modules.

.PROOF. Let M be a finitely generated torsion free R-module with projective cover
P —>M - 0. Then kerm C J(R)P by Nakayama’s Lemma. Let S be the implied

-1

collection of regular elements of C and let S™'P S—:TS"M — 0 be the sequence
induced by applying S'C ®¢ to P > M — 0. By the flatness of S~'C,ker S~ =
S-'kern. Hence, kerS~'m C S"J(R)P C J(S™'R)S~'P. By Nakayama’s Lemma,
kerS™'m < S7'P as S~'R-modules. Because tensor product commutes with direct
sums, S'P is a finitely generated projective S ~'R-module.

Now, M is a torsion free R-module.

Claim. S™'M is a torsion free S~'R-module. This is clear since the canonical map
M - KM is a monomorphism and $~'C is a flat C-module. Therefore S™'M is a
finitely generated torsion free S~'R-module. By hypothesis S 'R is a semihereditary
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Noetherian ring. Then S~'M is a projective S ~'R-module and this shows S ' ker 7 =
(0). Because ker 7 is a torsion free R-module, ker7 C S~'ker7 C Kker 7, i.e. 7 is
an isomorphism.

This proves the theorem. O

Let I C J(T) be an ideal of a ring T and assume idempotents lift modulo I (i.e. if
¢ is an idempotent of T/I, then one may choose an idempotent e of T from the
representatives of ). A well-known result states that a finitely generated T-module
M has a projective cover over T iff M/IM has a projective cover over T/1. As a
corollary to 2.4 one may deduce more when T// is a pomo-C-algebra.

COROLLARY 2.5. Let T be a ring and let I C J(T') be an ideal of T such that T/ is a
pomo-C-algebra with enough primes of C. Assume that idempotents lift modulo 1. Let
M be a finitely generated T-module such that M/IM is a torsion free T/I-module.
Then M has a projective cover over T iff M /IM is a projective T /I-module.

PROOF. Say M possesses a projective cover over T and M/IM is a torsion free
T/I-module. By the comments preceeding this corollary, M /IM has a projective
cover over T/I. By 2.4, M/IM is a projective T/I-module. The converse is a
consequence of the aforementioned comments. [J

3. Properties of quasiprojective covers. This section deals with with some basic
properties of quasiprojective covers and the question of their existence over various
rings. The basic theme is to show when a quasiprojective cover over R induces a
projective cover over a quotient of R. Thus, an investigation of quasiprojective
modules is in order.

Unless otherwise specified, there are no special assumptions on the ring R or its
left module M.

DEFINITION 3.1. A left R-module M is a singular left module iff /(m) is an
essential ideal of R for each m in M.

DEFINITION 3.2. A ring R is called left bounded iff every essential left ideal /
contains an essential ideal of R. A left module M is called bounded iff /(M) is an
essential ideal of R.

The first result demonstrates quasiprojective covers are more common than
projective covers.

LEMMA 3.3. Let R be a ring and M a left R-module. Then M possesses a
quasiprojective cover over R iff M possesses a quasiprojective cover over R/I(M).
Moreover, if M possesses a projective cover over R/I(M), then this cover is a
quasiprojective cover.

PROOF. Let P > M — 0 be a quasiprojective cover of M over R. Then /((M)P C
ker 7 since w({(M)P) = [(M)M = (0). Thus, P IM-0isa sequence of R/I(M)-
modules. (By its definition, the kernel of our cover has no nonzero End z(P)-sub-
modules.) Because R /I( M )-modules are R-modules, P is a quasiprojective R/I(M)-
module and ker 7 has no nonzero End g( P)-submodules. Hence, P LM-0isa
quasiprojective cover over R/I(M).
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Conversely, assume that P IM-0isa quasiprojective cover over R/I(M).
Again, R/I(M )-modules are R-modules. Thus an argument as in the above para-
graph shows P LM-0tobea quasiprojective cover over R.

Moreover, assume that P IM-0isa projective cover over R/I(M). In [20], it is
shown that M possesses a quasiprojective cover and that the quasiprojective is P/L
where L is the maximal End g( P)-submodule of ker 7. But then P z»P/L -0isa
projective cover of P/L over R/I/(M). Fuller and Hill have shown in [9] that a
faithful quasiprojective with a projective cover is a projective module. Thus, P/L is a
projective module. This proves L is trivial and so P IM-0isa quasiprojective
cover. O

To demonstrate the ubiquity of quasiprojective covers, we present

COROLLARY 3.4. Let R be a left bounded ring and assume for each essential ideal I of
R that R/I is (semi)perfect (e.g. if R has the restricted minimum condition on left

ideals). A ( finitely generated) bounded left module M has a quasiprojective cover over
R.

PROOF. Since R is left bounded, finitely generated left singular modules are
bounded. For if m,...,m, generate M, then /(m,) N - -- N(m,) is an essential left
ideal of R. Let I be an essential ideal of R contained in the intersection. Then
IM=1Im + --- +Im, = (0).

For (finitely generated) bounded left modules M, R/I(M) is a (semi)perfect ring.
Thus M possesses a projective cover over R/I(M). By 3.3, this cover is a quasipro-
jective cover over R. [

Lemma 3.3 gives a sufficient condition on R so that a quasiprojective cover over R
is a projective cover over a quotient of R. One easily produces necessary conditions
for this conclusion by considering the individual sequences.

PROPOSITION 3.5. Let R be any ring and let P IM->0bea quasiprojective cover

over R. Then PS5 M - 0isa projective cover over a quotient of R iff P is a projective
R/I(M)-module.

LEMMA 3.6. Let P> M — 0 be a quasiprojective cover of M over R. Then (M) =
I(P).

PROOF. Since ker 7 has no nonzero End z( P)-submodules, /(M)P = (0). (I{M) C
ker # as shown earlier.) Thus /(M) C I(P). The reverse inclusion is clear so the
proof is complete.

Proor oF 3.5. If P is a projective R /I( M )-module, the result follows from 3.3.

If PSM-0is a projective cover over R/I for some ideal I of R, then
I CI(M)=1I(P)by3.6. Thus, P/I(P) = P is a projective R/I(M )-module. [

To show a quasiprojective cover is a projective cover over a quotient of R, one
must prove that quasiprojective modules are projective modulo their annihilators.
Results of this kind are found in [8 and 19]. Thus, if M is finitely generated, then the
conclusion of 3.5 holds when R is commutative or a bounded hereditary Noetherian
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prime ring. If R is an order in an Artinian ring, and M is finitely generated and
torsion free, the conclusion to 3.5 is true.
Finally,

Lemma 3.7. Let P> M — O be a quasiprojective cover and say there is a finite subset
X of M such that I( X) = I(M). Then P is a projective R /I( M )-module if M is finitely
generated.

PROOF. For x in X let f: R — M be f(r) = rx. Because /(X) = (M), the map
f: R > M® defined by f(r) = (f(r),....f.(r)) has kernel /(M). Hence, R/I(M) is
embedded in MX). It is easily seen that R//(M) is then embedded in P‘* by the
projectivity of R/I(M). Then (0.2) shows that P‘* is a projective R //( M )-module.
This concludes the proof. O

The remainder of the paper is devoted to the investigation of quasiprojective
covers over pomo-C-algebras. Thus R will be a pomo-C-algebra and Q will denote
the quotient ring of R. Note Q is an Artinian ring. The first results are on the
structure of torsion free quasiprojective R-modules. From these are derived results
on quasiprojective covers over R.

If R is a semiprime pomo-C-algebra, then £ will denote a maximal order in Q
containing R. An R-module is reduced iff it has no nonzero injective summands.

LEMMA 3.8. Let R be a semiprime pomo-C-algebra and let M be a reduced torsion
free quasiprojective R-module. Then QM (the Q-module generated by M in QM) is a
projective S-module.

PROOF. Let ¢ be a regular element of C such that ¢ C R.

Claim. QM is a quasiprojective £-module. The argument requires a rudimentary
understanding of relative projectivity.

Since ¢§2 C R, ¢Q@M C M. Therefore, M is a cQ@M projective module (0.2). Because
M is torsion free, cOM = QM. Let QM %X - 0bean epimorphism of Q-modules,
and let f: @M — X be any $£-module homomorphism. Then f: M — X is an
R-module map as is 7. By relative projectivity, there is an R-module map g:
M — QM such that 7 o g = g. But g extends linearly to an £-module homomor-
phism h: QM — QM. Then w o h = f since f and 7 o h agree on the generators of
QM, ie. QM is a quasiprojective £-module as claimed.

Now QM is reduced since M is reduced. Then an application of [19] shows QM is
a projective Q-module. ([19] shows that the reduced torsion free quasiprojectives over
a hereditary Noetherian semiprime ring are projective modulo their annihilators.
Maximal orders are known to fit these hypotheses.) [

THEOREM 3.9. Let R be a prime pomo-C-algebra, and let M be a nontorsion reduced
R-module. Then M is a quasiprojective R-module iff M is a projective R-module.

ProoOF. By Theorem 2 of [19], M is torsion free.

Say M is a quasiprojective R-module. Let ¢ and € be as in 3.8. By 3.8, QM is a
projective Q-module. If M has finite rank then QM is a finitely generated projective
R-module. (£ is finitely generated by C.) Then M is a finitely generated quasiprojec-
tive torsion free R-module. By [19], M is a projective R-module.
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If M has infinite rank, then QM is a free @-module by [7]. Say M has rank r for
some infinite cardinal r. Now Q@M D M D ¢QM and ¢QM contains a free R-module
F on r elements. Assume the basis for F is a basis of @M. Then QM D M D F.
Because /R is a finitely generated R-module, and because @M /F is the direct sum
of r copies of /R, M is generated by fewer than r + 8 ,r = r elements. (M/F C
QM/F and QM /F is generated by N,r elements. R is Noetherian so M/F is
generated by at most 8,87 = r elements.) By (0.2), M is F-projective and by the
freeness of F, there is an epimorphism f: F — M. By relative projectivity, f splits.
Thus M is a projective R-module. The converse is clear so the proof is complete. [

COROLLARY 3.10. Let R be a semiprime pomo-C-algebra, and let M be a torsion free
reduced R-module. Then M is a quasiprojective R-module iff M is a projective
R/I( M )-module.

ProOF. First, reduce to the case where M is a faithful R-module. To do this, it
suffices to prove that R /I( M) is a pomo-C-algebra. Since K is central in KR, KI(M)
is an ideal of KR. Thus, there is a ring homomorphism from R into KR/KI(M).
Then R = R/[R N KI(M)] is a subring of KR/KI(M). Note R is a pomo-C-algebra
with quotient ring KR = KR/KI(M). But (M) C KI(M) and for an element x of
RN KI(M), xM C xKM = (0), (M 1is torsion free). Thus x is an element of /(M)
implying /(M) = R N KI(M), ie. R=R/I(M). Hence R/I(M) is a pomo-C-
algebra and M is a faithful torsion free quasiprojective R /I/( M )-module.

Assume that M is a faithful torsion free quasiprojective module. By the Wedder-
burn Theorem, write Q = Q, X --- X Q,, where Q, is a simple Artinian ring. Let e,
be the central idempotent of Q corresponding to Q,. Then R is a subring of
Re, X -+ XRe,, and Re, is an order in Q,. Considering M as a submodule of QM,
one has M a submodule of e, M @ --- ®e, M, and each e; M is a reduced nonzero
torsion free Re,-module.

Let L, = I(Re;) be an ideal of R. Then L.e;M = (0) so there is an R-module
epimorphism from M/L,M onto e;M. Since e;M is reduced and torsion free,
M/L;M is a reduced nontorsion R/L; = e; R-module. By Lemma 4 of [20}, M/L,M
is a nontorsion quasiprojective e; R-module. By 3.9, M /L. M is a projective e; R-mod-
ule. Thus for each cardinal r, M/L.M is an e,R‘")-projective R-module. Further-
more, for ¢,R") - X - 0 and R-module homomorphisms g: M —> X, kerg D L, M.
Therefore M is e; R"”-projective for each cardinal r. (g induces a map from M/L,M
into X and this map lifts to a map h: M/L,M - ¢,R\".) By (0.2), M is projective
relative to e, R @ - -- ®¢, R for each cardinal r. Because R is a submodule of
e, R® --- ®e,R, M is an R("-projective R-module for each cardinal r. Because M is
the image of a free R-module, M is a projective R-module. (R” - M - 0 is split
exact for some r by relative projectivity.) [

Since 3.10 shows that the faithful torsion free reduced quasiprojective modules are
projective, one is immediately led to results on quasiprojective covers.

COROLLARY 3.11. Let R be a semiprime pomo-C-algebra, and let P LM->0bea

quasiprojective cover over R. If M is torsion free reduced, then P IM-0isa
projective cover over R/I(M).
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PRrROOF. If M is torsion free reduced, then P is torsion free reduced. (The torsion
submodule and injective submodule of P are in ker 7.) 3.10 and 3.5 then apply. O

COROLLARY 3.12. If R is a semiprime pomo-C-algebra, and has enough primes of C,
then a quasiprojective cover of a reduced torsion free R-module is an isomorphism.

PrOOF. Apply 3.5 and 3.11.

COROLLARY 3.13. Let P> M — 0 be a quasiprojective cover of M over R. If P is a
torsion free reduced R-module, then t( M) is finitely generated.

PROOF. Apply 3.11 and 1.3.

COROLLARY 3.14. Say R is a semiprime pomo-C-algebra and let M have a
quasiprojective cover over R. If M is torsion free reduced of finite rank, then M is
finitely generated by R.

PROOF. Apply 3.11 and 14. O

COROLLARY 3.15. Let R be a semiprime pomo-C-algebra. The following are equiva-
lent:

(1) R is left hereditary.

(2) Submodules of projective R-modules have quasiprojective covers.

(3) Left ideals of R are quasiprojective.

PROOF. 1 = 2 is clear since submodules of projective modules are hereditary.

2 = 1. Let M be a submodule of a projective module. Then M @ R is a faithful
submodule of a projective R-module and so has a faithful quasiprojective cover. Let
P be the quasiprojective. Then P is a faithful quasiprojective R-module (3.6) and by
3.10, and 3.5, P is a projective module. Thus M has a projective cover over R. Now
apply 1.6.

1 = 3 is clear since the left ideals of R are projective.

3 =1 1In [9], it is shown that if I is a finitely generated quasiprojective left
R-module, then 1" is a quasiprojective left R-module for each cardinal r. Now
apply 1.6. O

COROLLARY 3.16. Let R be a semiprime pomo-C-algebra with enough primes of C.
Let M be a torsion free reduced R-module. Then M has a quasiprojective cover over R
iff M is a projective R /I( M )-module.

PRrOOF. If M has a quasiprojective cover, then 3.11 shows M has a projective cover
over R/I(M). Apply 2.4 to derive the required result. The converse is clear so the
proof is complete. [

Finally, in order to demonstrate the necessity of the hypotheses in §3, we present a
few examples.

ExaMPLE 1. In [12], it is shown that the p-adic numbers Q form a quasiprojective
module over the p-adlc integers Z Since Z < Q one constructs a quasiprojective
cover Q Q /Z — 0. Note that Q is not a projective Z -module nor is the
torsion module Q / Z a finitely generated Z -module. Compare this to 3.10-3.15.
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ExaMpPLE 2. The group @b o Z/pZis a quasiprojective Z-module as noted in [12].
Note that this group is a singular (torsion) Z-module, but is not projective modulo
its trivial annihilator. Compare to 3.4.

ExampLE 3. In [19], it was demonstrated that Z/pZ ® Z/p*Z = M is not a
quasiprojective Z-module and since J(Z) = (0), M does not have a projective cover
over Z. However, M has a quasiprojective cover given by Z/p°Z ® Z/p°Z — M - 0.
This shows that finitely generated nonquasiprojective modules may have quasipro-
jective covers. Also, compare to 3.3, 3.4, and 3.6. O

EXAMPLE 4. @, Z/p*Z = M is a singular (torsion) Z-module. but does not have a
quasiprojective cover over Z. This is seen by noting M is a faithful module. Then
[19] and 3.6 combine to show the quasiprojective cover is a projective cover. Since
J(Z) = (0), this cover is an isomorphism. This contradiction proves M is without a
quasiprojective cover. [J

I wish to thank Dr. Charles Vinsonhaler for his guidance during the construction
of my dissertation of which this paper forms a part.
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